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The geometry related to the IN and OUT situations 
for multiple GIXD is also important to understand 
the phase effect on the surface-reflected intensities. 
As shown in Figs. 5 and 11, the sense of asymmetry 
of P~ and P~, for the IN situation is the reverse of 
that for the OUT situation. This is similar to the 
geometric effect on the intensity of a three-beam 
diffraction from a crystal bulk (Chang, 1982). 

It is also worth noting that for the strong 
primary reflection like the 220 in the case 
(000)(220)(202)/(02ff.), the P~2o near $3 is much 
weaker than the P~2o for $ < $3, while for the weak 
primary reflection 222, the P~22 at $3 and especially 
at 01 has much higher intensity than the usual two- 
beam (222) GIXD intensity. As $3 is closer to 01, the 
peak intensity P~22 increases in order of magnitude. 
These two situations resemble the Aufhellung and 
Umweganregung, respectively, in ordinary multiple 
diffractions from bulk crystals (Renninger, 1937). 

As has been demonstrated, both surface Aufhellung 
and Umweganregung seem to be useful in centric 
phase determination from the detection of the sur- 
face-reflected intensity variation. 
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Council for financial support under grant NSC 79- 
0204-M007-05. One of us, TPT, thanks the same 
organization for providing a graduate fellowship dur- 
ing the course of this study and H. H. Hung for useful 
discussions. 
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Abstract 

Expressions are obtained for the intensity distribu- 
tions which are observed when Bragg reflections are 
studied using an X-ray multi-crystal diffractometer. 
The expressions are obtained for both Bragg and Laue 
geometry at the sample, and assuming that the mono- 
chromator, sample and analyser elements are all per- 

0108-7673 / 90/070576-09503.00 

fect crystals. Detailed calculations are made of several 
configurations with both laboratory-based and syn- 
chrotron sources, and the results are compared with 
experimental measurements. The comparison shows 
that the theory gives reliable results not only for the 
half-widths of the distributions, but also for the tails 
of the distributions resulting from the dynamical 
effects in one or more of the crystals. 

© 1990 International Union of Crystallography 
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I. Introduction 

The multi-crystal X-ray diffractometer is a powerful 
instrument for the study of X-ray scattering when 
high momentum resolution is required. High momen- 
tum resolution enables the separation of the Bragg 
and the diffuse scattering, and this is of importance 
in X-ray studies of phase transitions (e.g. Andrews 
& Cowley, 1986), surfaces and interfaces (Andrews 
& Cowley, 1985; Cowley & Ryan, 1987), imperfec- 
tions (Zaumseil & Winter, 1982) and magnetic scatter- 
ing (Gibbs, Moreton, d'Amico, Bohr & Grier, 1985; 
Goldman et al., 1987). It is clear that a detailed 
knowledge of the intensity distribution around the 
Bragg reflections is essential if these experiments are 
to be optimized and interpreted reliably. The calcula- 
tions reported below were performed to show that 
the intensity distributions can indeed be reliably 
calculated, and to present the results for a variety of 
different configurations. 

Calculations of the resolution function of a triple- 
crystal X-ray diffractometer have been performed by 
Zaumseil & Winter (1982), but they considered only 
a non-dispersive arrangement and identical scattering 
planes for monochromator, sample and analyser crys- 
tals. The central part of the resolution was also calcu- 
lated by Pynn, Fujii & Shirane (1983) and their 
approach was to use the procedure developed by 
Bjerrum-M611er & Nielsen (1969) for the neutron 
triple-axis spectrometer. In the present paper we 
extend these results to the more general case of a 
multi-crystal X-ray diffractometer with, in principle, 
different materials for each of the crystals, and we 
calculate the intensities not only in the centre but also 
in the wings of the distributions. The principle of the 
calculations has been outlined (Lucas, Gartstein & 
Cowley, 1989), but in this paper there is a more 
detailed description of the method and it is general- 
ized to more complex situations. 

II. The intensity distribution for an X-ray 
diffractometer 

In this section we describe the calculation of the X-ray 
intensity distribution observed when the diffrac- 
tometer is scanned around the Bragg reflection of a 
perfect sample crystal. The scattering is assumed to 
arise from a perfect-crystal monochromator and 
analysing elements (Fig. 1), and we assume that the 
reflectivity of each element is given by the dynamical 
theory of X-ray diffraction. A typical triple-crystal 
diffractometer is shown schematically in Fig. 1 and 
the intensity around a Bragg lattice point, Q~, is 
obtained by scanning the sample orientation ~b and 
angle ~o through which the X-rays are scattered. The 
deviations of the wavevector transfer from the 
reciprocal-lattice vector are then given by 

qll = [(27r/A) sin Os](2Aq,-Aq~) (2.1) 

q± = [(2zr/A) cos Os](A~p) (2.2) 

where Aq, and A~o are the deviations of the two angles 
from their Bragg settings and 0s = q~/2 is the Bragg 
angle. For small changes in angle, rotation of the 
analyser crystal is equivalent to a change in ~p, as 
shown in Fig. 1. 

In calculating the intensity as a function of qll and 
q± the divergence of the beams perpendicular to the 
scattering plane have been neglected. This is because 
the perpendicular divergence is relatively easier to 
calculate, and is largely uncoupled from the in-plane 
divergence (Cowley, 1987). There is a slight effect 
because the diffraction angle is effectively changed 
by 3'2/2 t an  0s, where 3' is the vertical divergence, 
and so we are assuming that 3' is sufficiently small 
that this effect is negligible. 

Following the analysis of Zachariasen (1975), the 
intensity observed in a complex instrument with m 
crystal components for the monochromator and n 
crystal components for the analyser is given by the 
convolution integral 

o o  o o  

- - 00  - - 00  

× RM~(AOM~)... RM.(AO,~)Rs(AO,) 

x RA,(AOA,)... RA.(AOA.) da dA, 

(2.3) 

where M, s and A denote monochromator, sample 
and analyser respectively. 

J(AA) is the wavelength distribution around the 
nominal wavelength A. For an X-ray tube the charac- 
teristic line is well described by a Lorentzian 

Source 

Monochromator 

(a) 

Monochromator 
+ Detector 

/ 
q 

17 

e r  

Sample  

(b) 

Fig. 1. (a) Tdple-crystal arrangement (+] - !  +])  with a sample 
in Laue geometry. Aq, and Aq~ are the angular deviations around 
the setting angle ~b for the sample and the scattering angle q~. 
(b) Triple-crystal arrangement ( + 1 - 1 - 1 )  with a sample in 
Bragg geometry. 
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distribution 
J(AA )=  o'/[(AA )2 + o.2], (2.4) 

where for the Cu K a l  line cr = 5"8 x 10 -4 A. For a 
synchrotron source, J ( a h )  can frequently be taken 
as effectively a constant within the relevant range of 
ah. The angular divergence, a, before the mono- 
chromator for an X-ray tube is typically much larger 
than the other resolution elements, while for a syn- 
chrotron F ( a )  is determined either by the emission 
profile of the synchrotron or by the slits introduced 
prior to the monochromator. 

Zachariasen (1945) calculated the reflectivity of a 
monochromator and sample for a ray with wavelength 
h +/ th  and angular deviation a from the direction 
of the nominal ray with wavelength h. We have exten- 
ded his calculation for the more general systdm con- 
sidered here in which the beam is deflected at each 
element to the left ( -1)  or right (+1) as defined by 
the parameters riM-K, n~ or n a t .  The results are 

AOM~ = a - ( / t A / h )  tan OM, 
~tOM2 = ( / th /h)  t a n  O M2 - n M n M2 

X [( / th /h)  tan OM, -- bM,/tOM,] 

dOMm = - ( / t h / A )  tan OMm --nMm_,ttM., 

x [ ( / t h / h ) t a n 0 M  .... , - -bM .... ,AOM .... ], (2.5) 

while for the sample 

/tO~ = ( / th / h ) tan O~ - /tO - nsn M,., 

x [ ( / t h / h ) t a n  OMm--bMm/tOM,.], (2.6) 

and for the analyser 

AO a, = - ( / th l h ) t a n  O A ,  - n a,ns 

x [ / t~o- / tO+ (AA/A) tan Os-bsAO~], 

AOA2 = - - ( A A / A )  tan OA2-- na~nA, 

x [(AA/A) tan OA,--bAAOA,]. (2.7) 

In these expressions the angular offset of any element 
from the Bragg condition, a 0 or A~o in this case, 
occurs in the expression for the angular deviation in 
the crystal components which are later in the system. 
We have assumed that all of the components of the 
monochromator and analyser are perfectly aligned. 
If this is not the case the expressions are readily 
obtained within the same formalism including the 
appropriate mis-sets. The parameters bM, etc. are the 
parameters b occurring in the general case of asym- 
metric Bragg reflection 

b = s i n ( f l - O ) / s i n ( / 3 + O ) ,  (2.8) 

where/3 is the angle between the surface of the crystal 
and the reflecting planes, and is positive when the 
angle between the incident beam and the crystal sur- 
face is less than the Bragg angle. For symmetric 
reflections in Bragg geometry (reflectivity) b = - 1 and 
in Laue geometry (transmission) b = +1. 

The reflectivity of perfect crystals with extended- 
face Bragg geometry was derived by Cole & Semple 
(1962) for non-centrosymmetric crystals. We have 
used their expression for the reflectivity of the mono- 
chromator and analyser elements, and for the samples 
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Fig. 2. (a) Measured intensity distribution near InP 200 Bragg reflection in (+1 -1 +1) arrangement. Intensity contour levels are given 
with respect to the intensity maximum Io: I/Io= (1) 10-3; (2) 2 × 10-3; (3) 6× 10 -3, (4) 1.2x 10-2; (5) 5 x 10-2; (6) 0.1; (7) 0-2; (8) 
0.5; (9) 0.7; (10) 0-9. (b) Simulated intensity distribution near InP 200 in (+1 -1 +1) arrangement. Intensity contour levels as in 
(a). (c) Simulated intensity distribution near InP 200 in (+1 -1 +1) arrangement. Intensity contour levels are the same as in (a), 
(d) Simulated resolution function for InP 200 Bragg reflection in (+1-1 +1) arrangement. Intensity contour levels are I/Io= (1) 
10-3; (2) 2×10-3; (3) 9x 10-3; (4) 5x 10-2; (5) 0.1; (6) 0.5; (7) 0.7; (8) 0.9; (9) 1. 
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in Bragg geometry, including the effects of the beam 
polarization and the real and imaginary parts of the 
structure factor. When the sample was in Laue 
geometry the function Rs(O) was taken from 
Zachariasen (1945) including the effect of the thick- 
ness of the sample, t, and the linear absorption 
coefficient. 

In discussing the resolution of the instrument for 
measuring diffuse scattering it is convenient to replace 
R~(O) by 8(0). When this is done the full theory can 
be compared with the approximate analytic theory 
developed earlier (Cowley, 1987). 

III. Calculations and comparison with experiment 

1. Rotating-anode source and Bragg geometry 

A triple-crystal X-ray diffractometer was used 
(Lucas et al., 1989) with perfect single crystals of 
germanium as both monochromator and analyser. 
Both were aligned for the symmetric 111 Bragg reflec- 
tion in the Bragg geometry, and a (1, -1 ,  1) geometry 
for the scattering senses was used. The source was 
Cu Kc~ radiation from a rotating-anode generator 
operating at 2.7 kW, and a slit immediately before 
the sample was used to eliminate the Ka2 line in the 
emitted X-ray spectrum. A slit of 0.25 mm was used 
perpendicular to the scattering plane. The sample was 
a perfect InP crystal with the surface normal [100] 
and the [010] direction in the scattering plane. The 
data were collected by scanning qll and q± close to 

l o o  , , , , , x I , , , , " 

! ! t 

= - 6 ~ '  oo 
T I~GVER~  ~ ' 4 ,  u lO -S~  1 

(a) 

1 0 t )  

7 5  

.® -~.~ - ~ . ~ ,  0 . ~ .  ~.~,_, ,8.oo 9,.® 

(b) 

Fig. 3. (a) Calculated experimental and resolution transverse scans 
for the InP 200 Bragg reflection. (b) Calculated, experimental 
and resolution longitudinal scans for InP 200 Bragg reflection. 

Table 1. Comparison of the resolution function in 
Bragg geometry calculated, with the Gaussian theory 

(Cowley, 1987), and experimental 

Reflection 

200 

420 

FWHM x 10 -5/~-1. 

Transverse Longitudinal 

Calculation 10.1 58 
Gaussian 11.7 43 
Experiment 10.0 (5) 55 (1) 
Calculation 27 117 
Gaussian 25 115 
Experiment 29 (1) 112 (5) 

the Bragg reflections from which a contour map of 
the scattered intensity was constructed. 

The measured intensity pattern is shown in Fig. 
2(a) for the symmetrical 200 Bragg reflection. The 
result of the corresponding calculation of the intensity 
profile without any adjustable parameters is shown 
in Fig. 2(b). Clearly there is a very reasonable agree- 
ment between the experiment and theory as to the 
shape of the scattering and the intensity. The shape 
of the pattern can be understood as explained by 
Ryan (1986) and by Lucas et al. (1989). For perfect 
crystals the reflectivities have long (A0) -2 tails, which 
means that there are much longer tails to the reflec- 
tivity functions than if they were Gaussians. The 
streaks then arise when any two of the three crystal 
reflectivities have zero argument. The streak corre- 
sponding to the monochromator occurs at an angle 
of - ~ / 2  to the wavevector transfer, the streak from 
the analyser at ~/2,  and the streak from the sample 
is perpendicular to the extended surface. All of these 
three streaks are clearly present in Figs 2(a) and (b). 
Fig. 2(d) shows the calculation of the resolution 
function of the instrument Rs(O)= 8(0), and this is 
clearly similar to Figs. 2(a) and (b), except that the 
central streak due to the sample surface is missing. 
Fig. 3 compares the calculated and measured resol- 
ution function in the centre of the scan by showing 
the scans longitudinally and transversely through the 
centre. The results are in very good agreement with 
one another and are compared with the corresponding 
results for the Gaussian approximate theory in Table 
1. In comparing Figs. 2(a) and (b) the main dis- 
crepancy is in the bulge appearing for low-intensity 
contours in the centre of the pattern whereas the 
calculated pattern shows no such bulge. This dis- 
crepancy arises because the calculations neglect the 
thermal diffuse scattering, and this is strongest for 
small q±, qll--0, owing to the transverse acoustic 
phonons. 

The 200 InP reflection has nearly the same Bragg 
angle as the 111 Ge reflection and so the wavelength 
dispersion has only a very small effect in the (1, -1 ,  1) 
configuration. This is illustrated in Fig. 2(c) where 
we calculate the intensity which would be observed 
in the (1, -1 ,  -1 )  geometry; clearly the pattern is very 
different from Figs. 2(a) and (b). 
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A similar set of experiments and calculations were 
performed for the asymmetric 420 reflection as shown 
in Figs. 4(a) and (b) and Table 1. The streak along 
the [420] direction corresponds to the wavelength 
spread, while that along the direction labelled M 
arises from the monochromator,  and the analyser 
streak and surface streak are perpendicular to the 
surface of the InP and along the [100] direction. Fig. 
4 and Table 1 show clearly that experiment and calcu- 
lation are in very reasonable accord for the general 

shape of the intensity, and are in quantitative agree- 
ment for the widths of the central region. 

2. Rotating-anode source and Laue geometry 

The X-ray diitractometer was the same as for the 
measurements with the sample in Bragg geometry 
except that the slit perpendicular to the scattering 
plane was increased to 4 mm. An InP sample was 
used in Laue geometry and was 0.04 mm thick, so 

30 . . . . . . . . .  ~ . . . . . . .  /~'/~ 

20 1 ~ /  

. 10 6 

_1of ) t 
-20 10111 

-30 - ~ , , , i i i I i 
-,0 0 2'0 -20 0 

(50 (10 ~A ') 
(a) (b) 

Fig. 4. (a) Measured intensity distribution near InP 420 Bragg reflection in (+1 -1  +1) arrangement. Intensity contour levels: I / Io = 
(1) 2.5x 10-3; (2) 5x 10-3; (3) 7.5x 10-3; (4) 10-2; (5) 5× 10-2; (6) 0.1; (7) 0.5; (8) 1. (b) Simulated intensity distribution for InP420 
in (+1 - 1 +1) arrangement. The intensity contour levels are the same as in (a). 
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Fig. 5. (a) Measured intensity distribution near InP 022 Laue reflection in (+1 -1  +1) arrangement. Intensity contour levels: I / Io= 
(1) 3 x 10-4; (2) 4x 10-4; (3) 10-3; (4) 3 x 10-3; (5) 10-2; (6) 0.1; (7) 0.2; (8) 0.3; (9) 0.5; (10) 0.75. (b) Simulated intensity distribution 
near InP 022 Laue reflection in (+1 -1  +1) arrangement. Intensity contour levels: I / Io = (1) 2 x 10-5; (2) 4 x 10-5; (3) 2 x 10-4; (4) 
3 X  1 0 - 4 ;  ( 5 )  5 X  1 0 - 4 ;  ( 6 )  1 0 - 3 ;  ( 7 )  1 0 - 2 ;  ( 8 )  5 X  1 0 - 2 ;  ( 9 )  0 " 1 ;  ( 1 0 )  0 " 5 ;  (11) 0.75. (c) Insert showing measured intensity d i s t r i b u t i o n  

near 022 Laue reflection with a small step scan. Streak due to the wavelength dispersion is gradually changing its direction. (d) 
Simulated resolution function for InP 022 Laue reflection. Intensity contour levels are the same as for (b). 
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Table 2. Comparison of the experimental and calculated results for the sample in Laue geometry 

Experiment Calculation Resolution 
( F W H M x l 0 - 5 ~  -1) ( F W H M x l 0 - 5 ~ k  -~) ( F W H M x l 0 - 5 ~  - t)  

Reflection Transverse Longitudinal Transverse Longitudinal Transverse Longitudinal 

02ft. 25 (2) 56 (5) 18 54 14 54 
11] 18.5 (2) 49 (5) 13 47 I I 38 

that the absorption parameter p,t = 44. The slab nor- 
mal was the [100] direction and the [011] direction 
was aligned in the scattering pla_n_e. The scattering 
observed near the symmetrical 022 Bragg reflection 
is shown in Fig. 5(a). As in the case of Bragg reflection 
the monochromator and analyser streaks are at - ~ / 2  
and ~/2  to the wavevcctor transfer, and the streak 

due to the wavelength spread is along the wavevector 
transfer. Fig. 5(b) shows the calculated distribution 
of intensity; very reasonable agreement is observed. 
The widths of the central part of the scattering are 
given in Table 2. The resolution function for the same 
scattering conditions is shown in Fig. 5(d) and the 
pattern is fairly similar, showing that the sample is 

12 
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Fig. 6. (a) Measured intensity distribution near InP 111 Laue reflection in (+1 -1  +1) arrangement. Intensity contour levels: I / I o =  
(1) 3 x 10-3; (2) 6x  10-3; (3) 1.2x 10-2; (4) 5 x 10-2; (5) 0.1; (6) 0.2; (7) 0-5; (8) 0.75; (9) 1. (b) Simulated intensity distribution 
near InP l lT Laue reflection in (+1 -1  +1) arrangement. Intensity contour levels are the same as for (a). The detailed structure is 
due to the computat ional  procedure. 
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Fig. 7. (a) Measured intensity distribution near sapphire 0112 Laue reflection in (+1 -1  +1) arrangement. Intensity contour  levels: 
I / I  o = (1) 5 × 10-4; (2) 10-3; (3) 2 × 10-3; (4) 5 x 10-3; (5) 10-2; (6) 5 x 10-2; (7) 0.1; (8) 0.5; (9) 0-7; (10) 0.9. (b) Simulated intensity 
distribution near sapphire 0112 Laue reflection in ( + 1 , - 1 ,  +1) arrangement. Intensity contour levels: I / Io  = (1) 5 × 10-4; (2) 10-3; 
(3) 2 x 10-3; (4) 5 × 10-3; (5) 10-2; (6) 2 x 10-2; (7) 0.5; (8) 0.75. 
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having little effect on the scattered distributions. One 
difference, however, is the bending of the AA streak 
for qll positive in Figs 5(a), (b) and (c). Since the 
bending is absent in the calculated resolution function 
it must arise from an interaction between the sample 
and the resolution, but we have not as yet understood 
the result in detail. It is, however, well reproduced 
by the calculations (Fig. 5b). 

A similar comparison is shown for the distributions 
obtained around the asymmetric 111 reflection in 
Figs. 6(a) and (b). For this reflection the Bragg angles 
of all the crystals are similar and so the AA dispersion 
is negligible. The two streaks arise from the mono- 
chromator and analyser as shown in Fig. 6(b). Clearly 
the agreement between experiment and calculation 
for these reflections is reasonably satisfactory, apart 
from the fact that the experimental curves are wider 
than the theoretical ones in the q± direction (Table 
2). This could arise from the introduction of defects 
into the InP sample when it was thinned down to 
make the Laue sample. 

The effect of the sample thickness was studied by 
examining the 0112 reflection of sapphire. The sample 
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Fig. 8. (a) Simulated intensity distribution for the wavelength 
AA = 1.38 A around the 400 Si symmetrical Bragg reflection. 
Directions of the analyser, surface and wavelength dispersion 
streaks are denoted by A, S and zaA, respectively. The intensity 
contour levels correspond to I/Ima,,. (b) Analogous simulation 
for the wavelength ho = 0.62/~,. 

had a thickness of 0.4 mm when p,t = 0.8. The results 
(Fig. 7) are quite different from those of the InP 022 
reflection (Fig. 5). This is because the surface streak 
is in this case perpendicular to the reflecting planes 
and is clearly visible although suppressed by the large 
~t  of the InP, and in contrast the At streak is absent 
for the sapphire because the Bragg angle is close to 
that of the monochromator  and analyser, giving non- 
dispersive conditions. The symmetry of the surface 
streak in the experiment is because there was 0.25 ~m 
of epitaxically grown Si on the sapphire, but a study 
of the effect of this on the scattering will be reported 
elsewhere. The calculations for the intensity profile 
(Fig. 7b) give a very similar pattern to the measure- 
ments except that no account is tal~en of the Si layer 
and so the surface streak is symmetrical in the calcula- 
tions. 

3. Synchrotron source and Bragg geometry 

These calculations were performed in such a way 
as to be similar to typical conditions of experiments 
performed at the Daresbury SRS on station 9.4. A 
channel-cut silicon double monochromator was used, 
with a silicon single-bounce analyser and a silicon 
sample. The 111 reflections were used for the mono- 
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Fig. 9. (a) Simulated intensity distribution around asymmetrical 
711 Si Bragg  reflect ion.  (b)  A n a l o g o u s  s imula t ion  a r o u n d  711 
Si Bragg reflection. Notation as in Fig. 8. 
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chromator and analyser and the sample had a surface 
perpendicular to the [100] direction, while the [011] 
direction was in the scattering plane. The calculations 
were performed by taking J(;t)  as a constant around 
the nominal wavelength ;to and the pre-mono- 
chromator collimation as 1.3 x 10 -s rad. The intensity 
distributions for the symmetrical 400 Bragg reflection 
are shown in Fig. 8 for incident wavelengths of 1.38 
and 0-62/~,. The patterns clearly show the sample 
surface streak but unlike the case of the InP 200 
reflection the pattern is asymmetric (Fig. 2). In part 
this is caused by the double monochromator, because 
this produces a tail proportional to (A0) -4 which 
effectively suppresses the monochromator streak. The 
analyser streak is, however, still clearly seen. The 
other differences arise because the effect of the 
wavelength spread is different from that on a conven- 
tional source, since the collimation before the mono- 
chromator is very good. A straightforward calculation 
shows that the A;t streak occurs at an angle to the 
wavevector transfer of 

tan 0 A tan O~ 
tan-1 2 tan Os--~an OA]" (3.1) 

In Fig. 8 the effect of the wavelength spread can just 

be seen separately from the sample surface streak. 
Measurements at the SRS at the Daresbury Labora- 
tory (Lucas, 1989) of the half-width of the 400 Bragg 
reflection in silicon yield 1.5(2) x 10 -4/~-1 parallel to 
Q and 0.5(1) x 10 -4 A -1 perpendicular to Q, whereas 
the calculated results are 1.7 x 10 -4 and 0.4 × 10 -4 A-1 
respectively. 

Figs. 9(a) and (b) show similar calculations with 
;to = 1.38 A for the 711 and 711 reflections. The A;t 
and analyser streaks are clearly seen, and in Fig. 9(b) 
the surface streak is also visible. In Fig. 9(a) the 
surface streak is obscured by the A;t streak. In Figs. 
9(a) and (b) it is clear that the central part of the 
resolution function is not aligned along the wavevec- 
tor transfer. This is different from the case of a con- 
ventional source (Cowley, 1987). 

Equation (3.1) shows that the wavelength streak is 
perpendicular to the wavevector transfer if tan 0, = 
½ tan OA. This effect has been calculated by assuming 
that the monochromator and analyser are symmetric 
222 InP reflections while the sample reflection is a 
symmetric 111 InP reflection. The results are shown 
in Fig. 10(a). The A;t streak is barely visible but there 
are strong analyser and sample surface streaks. 
Finally, a similar simulation was calculated for a 
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symmetric 022 Si reflection in Laue geometry. In this 
case, as in § 111.2, the sample surface streak is perpen- 
dicular to the wavevector transfer and there are strong 
analyser and AA streaks (Fig. 10b). 

IV. Summary and concluding remarks 

The intensity profiles of the Bragg reflections 
measured with an X-ray diffractometer have been 
calculated in detail. A general formalism has been 
developed which can be used for either conventional 
sources or synchrotron sources and can be used for 
multi-element monochromators and analysers. 
Detailed calculations down to the 10 -4 level have 
been made for conventional sources with single- 
bounce monochromators and analysers with the 
sample in both Bragg and Laue geometry. The results 
are in generally good agreement with experiment and 
give a good account of the streaks in reciprocal space 
arising from the long tails of the non-Gaussian reflec- 
tivity profiles. 

The calculations have also been performed for a 
double monochromator and a synchrotron source. 
Unfortunately we do not have available detailed 
measurements with which to compare the results of 
the calculations. We conclude, however, that the 
analysis presented here does give a very adequate 
description of the resolution function of X-ray diffrac- 
tometers, and enables experiments to be more fully 
optimized. An example of this is the use of asymmetri- 
cally cut monochromators and analysers as used by 
Pick, Bickmann, Pofahl, Zwall & Wenzl (1977). The 
theory (Kikuta & Kohra, 1970) shows that the angular 
width of the incident and scattered beams from an 
asymmetrically cut crystal are 

~o, = o~ / Ib l  1/2, o~f = ~oslbl l/2, 

where tot is the width of the reflection for the same 
reflection from a symmetrically cut crystal. With these 
results the angular acceptance range can be increased 
and the emergence range decreased, giving improved 
resolution and increased intensity. A simulation of 
this effect was performed for Ge( l l l )  reflecting 
planes inclined at 11 ° to the (111) surface of the 
crystal when bM =--0.11 and ba = 1IBM. The calcu- 
lated half-widths are then given for a sample of InP 
in both Bragg and Laue geometry in Table 3. The 
intensity maxima in both cases were also increased 
by a factor of about three. 

Table 3. The calculated resolution function for asym- 
metric monochromator and analyser 

The corresponding resolutions for symmetrically cut crystals are 
in parentheses. 

Transverse Longitudinal 
Resolution (FWHM x 10 -5 ,~-~) (FWHM x 10 -5 ,~-~) 

lnP 200 6.2 (10-1) 20.7 (58) 
Bragg geometry 

__ 
InP 022 9.5 (18) 18 (54) 

Laue geometry 

The results do show that the resolution functions 
of X-ray diffractometers are complex and need 
detailed work to understand each situation because 
of the non-Gaussian components. Further experi- 
mental work should probably be done to eliminate 
these effects by using multiple-bounce components 
or by roughening the surfaces of the crystals to reduce 
the surface streaks. The difficulty with the latter 
approach is that the process can introduce defects 
which degrade the resolution and also make the 
results different from crystal to crystal. 

The expert technical assistance of Hugh Vass is 
very much appreciated. The work was supported by 
the Science & Engineering Research Council. 
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